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SPANNING SIMPLICIAL COMPLEXES OF UNI-CYCLIC
MULTIGRAPHS
IMRAN AHMED, SHAHID MUHMOOD
Abstract. A multigraph is a nonsimple graph which is permitted to have
multiple edges, that is, edges that have the same end nodes. We introduce
the concept of spanning simplicial complexes ∆s(G) of multigraphs G, which
provides a generalization of spanning simplicial complexes of associated
simple graphs. We give first the characterization of all spanning trees of a
uni-cyclic multigraph Ur
n,m
with n edges including r multiple edges within
and outside the cycle of length m. Then, we determine the facet ideal
IF (∆s(Urn,m)) of spanning simplicial complex ∆s(U
r
n,m
) and its primary
decomposition. The Euler characteristic is a well-known topological and
homotopic invariant to classify surfaces. Finally, we device a formula for
Euler characteristic of spanning simplicial complex ∆s(Urn,m).
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1. Introduction
Let G = G(V,E) be a multigraph on the vertex set V and edge-set E. A
spanning tree of a multigraph G is a subtree of G that contains every vertex
of G. We represent the collection of all edge-sets of the spanning trees of a
multigraph G by s(G). The facets of spanning simplicial complex ∆s(G) is
exactly the edge set s(G) of all possible spanning trees of a multigraph G.
Therefore, the spanning simplicial complex ∆s(G) of a multigraph G is defined
by
∆s(G) = 〈Fk |Fk ∈ s(G)〉,
which gives a generalization of the spanning simplicial complex ∆s(G) of an
associated simple graph G. The spanning simplicial complex of a simple con-
nected finite graph was firstly introduced by Anwar, Raza and Kashif in [1].
Many authors discussed algebraic and combinatorial properties of spanning
simplicial complexes of various classes of simple connected finite graphs, see
for instance [1], [5], [6] and [9].
Let ∆ be simplicial complex of dimension d. We denote fi by the number
of i-cells of simplicial complex ∆. Then, the Euler characteristic of ∆ is given
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by
χ(∆) =
d−1∑
i=0
(−1)ifi,
which is a well-known topological and homotopic invariant to classify surfaces,
see [4] and [7].
The uni-cyclic multigraph U rn,m is a connected graph having n edges includ-
ing r multiple edges within and outside the cycle of length m. Our aim is
to give some algebraic and topological characterizations of spanning simplicial
complex ∆s(U
r
n,m).
In Lemma 3.1, we give characterization of all spanning trees of a uni-cyclic
multigraph U rn,m having n edges including r multiple edges and a cycle of
length m. In Proposition 3.2, we determine the facet ideal IF (∆s(U
r
n,m)) of
spanning simplicial complex ∆s(U
r
n,m) and its primary decomposition. In The-
orem 3.3, we give a formula for Euler characteristic of spanning simplicial
complex ∆s(U
r
n,m).
2. Basic Setup
A simplicial complex ∆ on [n] = {1, . . . , n} is a collection of subsets of [n]
satisfying the following properties.
(1) {j} ∈ ∆ for all j ∈ [n];
(2) If F ∈ ∆ then every subset of F will belong to ∆ (including empty set).
The elements of ∆ are called faces of ∆ and the dimension of any face F ∈ ∆
is defined as |F |−1 and is written as dimF , where |F | is the number of vertices
of F . The vertices and edges are 0 and 1 dimensional faces of ∆ (respectively),
whereas, dim ∅ = −1. The maximal faces of ∆ under inclusion are said to be
the facets of ∆. The dimension of ∆ is denoted by dim∆ and is defined by
dim∆ = max{dimF | F ∈ ∆}.
If {F1, . . . , Fq} is the set of all the facets of ∆, then ∆ =< F1, . . . , Fq >.
A simplicial complex ∆ is said to be pure, if all its facets are of the same
dimension.
A subset M of [n] is said to be a vertex cover for ∆ if M has non-empty
intersection with every Fk. M is said to be a minimal vertex cover for ∆ if no
proper subset of M is a vertex cover for ∆.
Definition 2.1. Let G = G(V,E) be a multigraph on the vertex set V and
edge-set E. A spanning tree of a multigraph G is a subtree of G that contains
every vertex of G.
Definition 2.2. Let G = G(V,E) be a multigraph on the vertex set V and edge-
set E. Let s(G) be the edge-set of all possible spanning trees of G. We define
a simplicial complex ∆s(G) on E such that the facets of ∆s(G) are exactly the
elements of s(G), we call ∆s(G) as the spanning simplicial complex of G and
given by
∆s(G) = 〈Fk |Fk ∈ s(G)〉.
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Definition 2.3. A uni-cyclic multigraph U rn,m is a connected graph having n
edges including r multiple edges within and outside the cycle of length m.
Let ∆ be simplicial complex of dimension d. Then, the chain complex C∗(∆)
is given by
0→ Cd(∆)
∂d
−→Cd−1(∆)
∂d−1
−−−→...
∂2
−→C1(∆)
∂1
−→C0(∆)
∂
−→00.
Each Ci(∆) is a free abelian group of rank fi. The boundary homomorphism
∂d : Cd(∆)→ Cd−1(∆) is defined by
∂d(σ
d
α) =
∑d
i=0(−1)
iσdα|[v0,v1,...,vˆi,...,vd].
Of course,
Hi(∆) = Zi(∆)/Bi(∆) = Ker∂i/Im∂i+1,
where Zi(∆) = Ker ∂i and Bi(∆) = Im∂i+1 are the groups of simplicial i-
cycles and simplicial i-boundaries, respectively. Therefore,
rank Hi(∆) = rank Zi(∆)− rank Bi(∆).
One can easily see that rank Bd(∆) = 0 due to Bd(∆) = 0. For each i > 0
there is an exact sequence
0→ Zi(∆)→ Ci(∆)
∂i
−→Bi−1(∆)→ 0.
Moreover,
fi = rank Ci(∆) = rank Zi(∆) + rank Bi−1(∆).
Therefore, the Euler characteristic of ∆ can be expressed as
χ(∆) =
∑d
i=0(−1)
ifi =
∑d
i=0(−1)
i(rank Zi(∆) + rank Bi−1(∆))
=
∑d
i=0(−1)
irank Zi(∆) +
∑d
i=0(−1)
irank Bi−1(∆).
Changing index of summation in the last sum and using the fact that
rank B−1(∆) = 0 = rank Bd(∆), we get
χ(∆) =
∑d
i=0(−1)
i rank Zi(∆) +
∑d
i=0(−1)
i+1 rank Bi(∆)
=
∑d
i=0(−1)
i (rank Zi(∆)− rank Bi(∆)) =
∑d
i=0(−1)
i rank Hi(∆).
Thus, the Euler characteristic of ∆ is given by
χ(∆) =
d∑
i=0
(−1)i βi(∆),
where βi(∆) = rankHi(∆) is the i-th Betti number of ∆, see [4] and [7].
3. Topological Characterizations of ∆s(U
r
n,m)
Let U rn,m be a uni-cyclic multigraph having n edges including r multiple
edges within and outside the cycle of length m. We fix the labeling of the edge
set E of U rn,m as follows:
E = {e11, . . . , e1t1 , . . . , er′1, . . . , er′tr′ , e(r′+1)1, . . . , em1, e(m+1)1, . . . , e(m+1)tm+1 ,
. . . , e(m+r′′)1, . . . , e(m+r′′)tm+r′′ , e1, . . . , ev}, where ei1, . . . , eiti are the multiple
edges of i-th edge of cycle with 1 ≤ i ≤ r′ while e(r′+1)1, . . . , em1 are the
single edges of the cycle and ej1, . . . , ejtj are the multiple edges of the j-th
edge outside the cycle with m+1 ≤ j ≤ m+ r′′, moreover, e1, . . . , ev are single
edges appeared outside the cycle.
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We give first the characterization of s(U rn,m).
Lemma 3.1. Let U rn,m be the uni-cyclic multigraph having n edges including
r multiple edges and a cycle of length m with the edge set E, given above. A
subset E(Twiw) ⊂ E will belong to s(U
r
n,m) if and only if Twiw = {e1i1 , . . . , er′ir′ ,
e(r′+1)1, . . . , em1, e(m+1)i(m+1) , . . . , e(m+r′′)i(m+r′′) , e1, . . . , ev}\{ewiw} for some ih ∈
{1, . . . , th} with 1 ≤ h ≤ r
′, m + 1 ≤ h ≤ m + r′′ and iw ∈ {1, . . . , tw} with
1 ≤ w ≤ r′ or iw = 1 with r
′ + 1 ≤ w ≤ m for some w = h and iw = ih
appeared in Twiw .
Proof. By cutting down method [3], the spanning trees of U rn,m can be obtained
by removing exactly th−1 edges from each multiple edge such that 1 ≤ h ≤ r
′,
m + 1 ≤ h ≤ m + r′′ and in addition, an edge from the resulting cycle need
to be removed. Therefore, the spanning trees will be of the form Twiw =
{e1i1 , . . . , er′ir′ , e(r′+1)1, . . . , em1, e(m+1)i(m+1) , . . . , e(m+r′′)i(m+r′′), e1, . . . , ev}\{ewiw}
for some ih ∈ {1, . . . , th} with 1 ≤ h ≤ r
′, m + 1 ≤ h ≤ m + r′′ and
iw ∈ {1, . . . , tw} with 1 ≤ w ≤ r
′ or iw = 1 with r
′ + 1 ≤ w ≤ m for
some w = h and iw = ih appeared in Twiw . 
In the following result, we give the primary decomposition of facet ideal
IF(∆s(U
r
n,m).
Proposition 3.2. Let ∆s(U
r
n,m) be the spanning simplicial complex of uni-
cyclic multigraph U rn,m having n edges including r multiple edges within and
outside the cycle of length m. Then,
IF(∆s(U
r
n,m) =( ⋂
1≤a≤v
(xa)
)⋂( ⋂
1≤i≤r′ ; r′+1≤k≤m
(xi1, . . . , xiti , xk1)
)⋂( ⋂
r′+1≤k<l≤m
(xk1, xl1)
)
⋂( ⋂
1≤i<b≤r′
(xi1, . . . , xiti , xb1, . . . , xbtb)
)⋂( ⋂
m+1≤j≤m+r′′
(xj1, . . . , xjtj)
)
,
where ti with 1 ≤ i ≤ r
′ is the number of multiple edges appeared in the i-th
edge of the cycle and tj with m + 1 ≤ j ≤ m + r
′′ is the number of multiple
edges appeared in the jth-edge outside the cycle.
Proof. Let IF(∆s(U
r
n,m) be the facet ideal of the spanning simplicial complex
∆s(U
r
n,m). From ([8], Proposition 1.8), minimal prime ideals of the facet ideal
IF(∆) have one-to-one correspondence with the minimal vertex covers of the
simplicial complex ∆. Therefore, in order to find the primary decomposition
of the facet ideal IF (∆s(U
r
n,m)); it is sufficient to find all the minimal vertex
covers of ∆s(U
r
n,m).
As ea, a ∈ [v] is not an edge of the cycle of uni-cyclic multigraph U
r
n,m
and does not belong to any multiple edge of U rn,m. Therefore, it is clear by
definition of minimal vertex cover that {ea}, 1 ≤ a ≤ v is a minimal vertex
cover of ∆s(U
r
n,m). Moreover, a spanning tree is obtained by removing exactly
th− 1 edges from each multiple edge with h = 1, . . . , r
′, m+1, . . . , m+ r′′ and
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in addition, an edge from the resulting cycle of U rn,m. We illustrate the result
into the following cases.
Case 1. If atleast one multiple edge is appeared in the cycle of U rn,m. Then, we
cannot remove one complete multiple edge and one single edge from the cycle
of U rn,m to get spanning tree. Therefore, (xi1, . . . , xiti , xk1) with 1 ≤ i ≤ r
′,
r′ + 1 ≤ k ≤ m is a minimal vertex cover of the spanning simplicial complex
∆s(U
r
n,m) having non-empty intersection with all the spanning trees of U
r
n,m.
Moreover, two single edges cannot be removed from the cycle of U rn,m to get
spanning tree. Consequently, (xk1, xl1) for r
′ + 1 ≤ k < l ≤ m is a minimal
vertex cover of ∆s(U
r
n,m) having non-empty intersection with all the spanning
trees of U rn,m.
Case 2. If atleast two multiple edges are appeared in the cycle of U rn,m. Then,
two complete multiple edges cannot be removed from the cycle of U rn,m to get
spanning tree. Consequently, (xi1, . . . , xiti , xb1, . . . , xbtb) for 1 ≤ i < b ≤ r
′ is a
minimal vertex cover of ∆s(U
r
n,m) having non-empty intersection with all the
spanning trees of U rn,m.
Case 3. If atleast one multiple edge appeared outside the cycle of U rn,m. Then,
one complete multiple edge outside the cycle of U rn,m cannot be removed to get
spanning tree. So, (xj1, . . . , xjtj ) for m + 1 ≤ j ≤ m + r
′′ is a minimal vertex
cover of ∆s(U
r
n,m) having non-empty intersection with all the spanning trees
of U rn,m. This completes the proof. 
We give now formula for Euler characteristic of ∆s(U
r
n,m).
Theorem 3.3. Let ∆s(U
r
n,m) be spanning simplicial complex of uni-cyclic
multigraph U rn,m having n edges including r multiple edges and a cycle of
length m. Then, dim(∆s(U
r
n,m)) = n −
r′∑
i=1
ti −
m+r′′∑
j=m+1
tj + r − 2 and the Euler
characteristic of ∆s(U
r
n,m) is given by
χ(∆s(U
r
n,m)) =
n−1∑
i=0
(−1)i
[(
n
i+1
)
−
r′∏
i=1
ti
[(
n−α+r′−m
i+1−m
)
−
β∑
j=2
((
β
j
)
−
( ∑
m+1≤i1<...<ij≤m+r′′
ij∏
k=i1
(
tk
1
))) β∑
l=j
(−1)l−j
(
β−j
l−j
)(
n−α+r′−m−l
i+1−m−l
)]
−
α+β∑
j=2
((
α+β
j
)
−
(
ij /∈{r′+1,...,m}∑
1≤i1<...<ij≤m+r′′
ij∏
k=i1
(
tk
1
))) α+β∑
l=j
(−1)l−j
(
α+β−j
l−j
)(
n−l
i+1−l
)]
with α =
r′∑
i=1
ti and β =
m+r′′∑
j=m+1
tj such that r
′ and r′′ are the number of multiple
edges appeared within and outside the cycle, respectively.
Proof. Let E = {e11, . . . , e1t1 , . . . , er′1, . . . , er′tr′ , e(r′+1)1, . . . , em1, e(m+1)1, . . . ,
e(m+1)tm+1 , . . . , e(m+r′′)1, . . . , e(m+r′′)tm+r′′ , e1, . . . , ev} be the edge set of uni-cyclic
multigraph U rn,m having n edges including r multiple edges and a cycle of length
m such that r′ and r′′ are the number of multiple edges appeared within and
outside the cycle, respectively.
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One can easily see that each facet Twiw of ∆s(U
r
n,m) is of the same dimension
n−
r′∑
i=1
ti−
m+r′′∑
j=m+1
tj+ r−2 = n−α−β+ r−2 with α =
r′∑
i=1
ti and β =
m+r′′∑
j=m+1
tj ,
see Lemma 3.1.
By definition, fi is the number of subsets of E with i + 1 elements not
containing cycle and multiple edges. There are
r′∏
i=1
ti
(
n−α+r′−m
i+1−m
)
number of
subsets of E containing cycle but not containing any multiple edge within the
cycle. There are(
n− α + r′ −m− β
i+ 1−m− β
)
=
(
β
β
) β∑
l=β
(−1)l−β
(
β − β
l − β
)(
n− α + r′ −m− l
i+ 1−m− l
)
subsets of E containing cycle and β multiple edges of U rn,m outside the cycle
but not containing any multiple edge within the cycle. There are(
β
β − 1
)[(
n− α + r′ −m− (β − 1)
i+ 1−m− (β − 1)
)
−
(
n− α + r′ −m− β
i+ 1−m− β
)]
=
(
β
β − 1
) β∑
l=β−1
(−1)l−(β−1)
(
β − (β − 1)
l − (β − 1)
)(
n− α + r′ −m− l
i+ 1−m− l
)
subsets of E containing cycle and β−1 multiple edges of U rn,m outside the cycle
but not containing any multiple edge within the cycle. Continuing in similar
manner, the number of subsets of E containing cycle and two edges from a
multiple edge outside the cycle but not containing any multiple edge within
the cycle is given by(
β−2
0
)(
n−α+r′−m−2
i+1−m−2
)
−
(
β−2
1
)(
n−α+r′−m−3
i+1−m−3
)
+
(
β−2
2
)(
n−α+r′−m−4
i+1−m−4
)
+ · · ·
+ (−1)β−2
(
β−2
β−2
)(
n−α+r′−m−β
i+1−m−β
)
=
β∑
l=2
(−1)l−2
(
β−2
l−2
)(
n−α+r′−m−l
i+1−m−l
)
.
There are
((
β
2
)
−
( ∑
m+1≤i1<i2≤m+r′′
i2∏
k=i1
(
tk
1
)))
choices of two edges from a
multiple edge outside the cycle. Therefore, we obtain((
β
2
)
−
( ∑
m+1≤i1<i2≤m+r′′
i2∏
k=i1
(
tk
1
))) β∑
l=2
(−1)l−2
(
β − 2
l − 2
)(
n− α + r′ −m− l
i+ 1−m− l
)
the number of subsets of E with i+1 elements containing cycle and all possible
choices of two edges from a multiple edge outside the cycle but not containing
multiple edges within the cycle.
Now, we use inclusion exclusion principal to obtain
(number of subsets of E containing cycle but not containing multiple edges)=
r′∏
i=1
ti[(number of subsets of E with i + 1 elements containing cycle but not
containing multiple edges within the cycle)−(number of subsets of E with
i + 1 elements containing cycle and β multiple edges outside the cycle but
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not containing multiple edges within the cycle)−(number of subsets of E with
i+ 1 elements containing cycle and β − 1 multiple edges outside the cycle but
not containing multiple edges within the cycle)− · · · −(number of subsets of
E with i + 1 elements containing cycle and two edges from a multiple edge
outside the cycle but not containing multiple edges within the cycle)]
=
r′∏
i=1
ti
[(
n−α+r′−m
i+1−m
)
−
(
β
β
) β∑
l=β
(−1)l−β
(
β−β
l−β
)(
n−α+r′−m−l
i+1−m−l
)
−
(
β
β−1
) β∑
l=β−1
(−1)l−(β−1)
(
β−(β−1)
l−(β−1)
)(
n−α+r′−m−l
i+1−m−l
)
− · · · −
((
β
2
)
−
( ∑
m+1≤i1<i2≤m+r′′
i2∏
k=i1
(
tk
1
))) β∑
l=2
(−1)l−2
(
β−2
l−2
)(
n−α+r′−m−l
i+1−m−l
)]
=
r′∏
i=1
ti
[(
n−α+r′−m
i+1−m
)
−
β∑
j=2
((
β
j
)
−
( ∑
m+1≤i1<...<ij≤m+r′′
ij∏
k=i1
(
tk
1
))) β∑
l=j
(−1)l−j
(
β−j
l−j
)(
n−α+r′−m−l
i+1−m−l
)]
.
Therefore, we compute
fi = (number of subsets of E with i+1 elements)−(number of subsets of E with
i + 1 elements containing cycle but not containing multiple edges)−(number
of subsets of E with i+1 elements containing α+β multiple edges)−(number of
subsets ofE with i+1 elements containing α+β−1 multiple edges)− · · ·−(number
of subsets of E with i+ 1 elements containing two edges from a multiple edge
of U rn,m)
=
(
n
i+1
)
−
r′∏
i=1
ti
[(
n−α+r′−m
i+1−m
)
−
β∑
j=2
((
β
j
)
−
( ∑
m+1≤i1<...<ij≤m+r′′
ij∏
k=i1
(
tk
1
))) β∑
l=j
(−1)l−j
(
β−j
l−j
)(
n−α+r′−m−l
i+1−m−l
)]
−
(
α+β
α+β
) α+β∑
l=α+β
(−1)l−(α+β)
(
(α+β)−(α+β)
l−(α+β)
)(
n−l
i+1−l
)
−
(
α+β
α+β−1
) α+β∑
l=α+β−1
(−1)l−(α+β−1)
(
(α+β)−(α+β−1)
l−(α+β−1)
)(
n−l
i+1−l
)
− · · · −
((
α+β
2
)
−
(
ij /∈{r′+1,...,m}∑
1≤i1<i2≤m+r′′
i2∏
k=i1
(
tk
1
))) α+β∑
l=2
(−1)l−2
(
α+β−2
l−2
)(
n−l
i+1−l
)
=
(
n
i+1
)
−
r′∏
i=1
ti
[(
n−α+r′−m
i+1−m
)
−
β∑
j=2
((
β
j
)
−
( ∑
m+1≤i1<...<ij≤m+r′′
ij∏
k=i1
(
tk
1
))) β∑
l=j
(−1)l−j
(
β−j
l−j
)(
n−α+r′−m−l
i+1−m−l
)]
−
α+β∑
j=2
((
α+β
j
)
−
(
ij /∈{r′+1,...,m}∑
1≤i1<...<ij≤m+r′′
ij∏
k=i1
(
tk
1
))) α+β∑
l=j
(−1)l−j
(
α+β−j
l−j
)(
n−l
i+1−l
)
. 
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Figure 1. U27,3
Example 3.4. Let E = {e11, e12, e13, e21, e31, e41, e42} be the edge set of uni-
cyclic multigraph U27,3 having 7 edges including 2 multiple edges and a cycle of
length 3, as shown in Figure 1. By cutting-down method, we obtain
s(U27,3) = {{e21, e31, e41}, {e11, e31, e41}, {e11, e21, e41}, {e12, e31, e41}, {e12, e21, e41},
{e13, e31, e41}, {e13, e21, e41}, {e21, e31, e42}, {e11, e31, e42}, {e11, e21, e42}, {e12, e31, e42},
{e12, e21, e42}, {e13, e31, e42}, {e13, e21, e42}}.
By definition, fi is the number of subsets of E with i + 1 elements not con-
taining cycle and multiple edges. Since, {e11}, {e12}, {e13}, {e21}, {e31}, {e41}
and {e42} are subsets of E containing one element. It implies that f0 = 7.
There are {e11, e21}, {e11, e31}, {e11, e41}, {e11, e42}, {e12, e21}, {e12, e31}, {e12, e41},
{e12, e42}, {e13, e21}, {e13, e31}, {e13, e41}, {e13, e42}, {e21, e31}, {e21, e41}, {e21, e42},
{e31, e41}, {e31, e42} subsets of E containing two elements but not containing
cycle and multiple edges. So, f1 = 17. We know that the spanning trees
of U27,3 are 2-dimensional facets of the spanning simplicial complex ∆s(U
2
7,3).
Therefore, f2 = 14. Thus,
χ(∆s(U
2
7,3)) = f0 − f1 + f2 = 7− 17 + 14 = 4.
Now, we compute the Euler characteristic of ∆s(U
2
7,3) by using Theorem 3.3.
We observe that, n = 7, r′ = 1, r′′ = 1, r = 2, m = 3, α = 3, β = 2 and
0 ≤ i ≤ d, where d = n− α− β + r − 2 = 2 is the dimension of ∆s(U
2
7,3).
By substituting these values in Theorem 3.3, we get
fi =
(
7
i+1
)
− 3
[(
2
i+1−3
)
−
(
2
2
)(
0
i+1−5
)]
− [
(
5
2
)
−
(
3
1
)(
2
1
)
]
((
3
0
)(
5
i+1−2
)
−
(
3
1
)(
4
i+1−3
)
+
(
3
2
)(
3
i+1−4
)
−
(
3
3
)(
2
i+1−4
))
−
(
5
3
)((
2
0
)(
4
i+1−3
)
−
(
2
1
)(
3
i+1−4
)
+
(
2
2
)(
2
i+1−5
))
−
(
5
4
)((
1
0
)(
3
i+1−4
)
−
(
1
1
)(
2
i+1−5
))
−
(
5
5
)(
2
i+1−5
)
.
Alternatively, we compute (f0, f1, f2) = (7, 17, 14) and χ(∆s(U
2
7,3)) = 4.
We compute now the Betti numbers of ∆s(U
2
7,3). The facet ideal of ∆s(U
2
7,3)
is given by
Spanning Simplicial Complexes of Uni-Cyclic Multigraphs 9
IF(∆s(U
2
7,3)) = 〈xF21,31,41 , xF11,31,41 , xF11,21,41 , xF12,31,41 , xF12,21,41 , xF13,31,41 , xF13,21,41 ,
xF21,31,42 , xF11,31,42 , xF11,21,42 , xF12,31,42 , xF12,21,42 , xF13,31,42 , xF13,21,42〉.
We consider the chain complex of ∆s(U
2
7,3)
0 ∂3−→
C2 ∂2−→
C1 ∂1−→
C0 ∂0−→
0
The homology groups are given by Hi =
Ker(∂i)
Im(∂i+1)
with i = 0, 1, 2.
Therefore, the i-th Betti number of ∆s(U
2
7,3) is given by
βi = rank(Hi) = rank(Ker(∂i))− rank(Im(∂i+1)) with i = 0, 1, 2.
Now, we compute rank and nullity of the matrix ∂i of order fi × fi+1 with
i = 0, 1, 2.
The boundary homomorphism ∂2 : C2(∆s(U
2
7,3)) → C1(∆s(U
2
7,3)) can be ex-
pressed as
∂2(F21,31,41) = F31,41 − F21,41 + F21,31; ∂2(F11,31,41) = F31,41 − F11,41 + F11,31;
∂2(F11,21,41) = F21,41 − F11,41 + F11,21; ∂2(F12,31,41) = F31,41 − F12,41 + F12,31;
∂2(F12,21,41) = F21,41 − F12,41 + F12,21; ∂2(F13,31,41) = F31,41 − F13,41 + F13,31;
∂2(F13,21,41) = F21,41 − F13,41 + F13,21; ∂2(F21,31,42) = F31,42 − F21,42 + F21,31;
∂2(F11,31,42) = F31,42 − F11,42 + F11,31; ∂2(F11,21,42) = F21,42 − F11,42 + F11,21;
∂2(F12,31,42) = F31,42 − F12,42 + F12,31; ∂2(F12,21,42) = F21,42 − F12,42 + F12,21;
∂2(F13,31,42) = F31,42 − F13,42 + F13,31; ∂2(F13,21,42) = F21,42 − F13,42 + F13,21.
The boundary homomorphism ∂1 : C1(∆s(U
2
7,3)) → C0(∆s(UM
2
7,3)) can be
written as
∂1(F11,21) = e21− e11; ∂1(F11,31) = e31− e11; ∂1(F11,41) = e41− e11; ∂1(F11,42) =
e42 − e11; ∂1(F12,21) = e21 − e12; ∂1(F12,31) = e31 − e12; ∂1(F12,41) = e41 − e12;
∂1(F12,42) = e42− e12; ∂1(F13,21) = e21− e13; ∂1(F13,31) = e31− e13; ∂1(F13,41) =
e41 − e13; ∂1(F13,42) = e42 − e13; ∂1(F21,31) = e31 − e21; ∂1(F21,41) = e41 − e21;
∂1(F21,42) = e42 − e21; ∂1(F31,41) = e41 − e31; ∂1(F31,42) = e42 − e31.
Then, by using MATLAB, we compute rank of ∂2 = 11; nullity of ∂2 = 3; rank
of ∂1 = 6; nullity of ∂1 = 11.
Therefore, the Betti numbers are given by β0 = rank(Ker(∂0))−rank(Im(∂1)) =
7 − 6 = 1; β1 = rank(Ker(∂1)) − rank(Im(∂2)) = 11 − 11 = 0; β2 =
rank(Ker(∂2))− rank(Im(∂3)) = 3− 0 = 3.
Alternatively, the Euler characteristic of ∆s(U
2
7,3) is given by
χ(∆s(U
2
7,3)) = β0 − β1 + β2 = 1− 0 + 3 = 4.
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